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Abstract

The video channel with the title “Professor M does Science” in YouTube offers a simple step-
by-step but all the same very valuable and rigorous introduction into the world of quantum physics.
This script covers the physics of identical particles and helps to digest the topic covered by a group
of those videos but is not meant as a replacement for them.

7 Creation and Annihilation of Identical Particles

7.1 Identical Particles

Particles are identical if they have the same name. Thus, all electrons are identical but electrons and
photons are different particles. Exchanging any two identical particles in a system leads to exactly the
same physics. In classical physics identical particles are distinguishable but in quantum physics they are
not. More formal, two particles are identical if their defining intrinsic properties are the same. Intrinsic
properties are mass, charge, spin, magnetic moment and so on. All electrons are identical because they
have the same mass, charge and spin. Similarly, all muons are identical because they have the same mass,
charge and spin. However, electrons and muons are not the same because the have the same charge and
spin but not the same mass. Also the electron and the positron are not the same because they have the
same mass and spin but not the same charge. The definition of identical particles does not only apply
to elementary particles but also to protons consisting of quarks and hydrogen atoms consisting of quarks
and electrons.

The fact that two electrons are identical does not mean that they are in the same quantum state. Two
electrons, for example, may move with different momenta, or one may be bound in a hydrogen atom
while the other is free. Exchanging two identical particles does not affect the properties of the system.

In classical physics two identical particles are distinguishable because one knows the exact paths of them
such that one can say where each particle is at any point in time. In quantum physics the situation is
different because it is impossible to know the exact trajectories of particles. Two wave packets initially
separated in space overlap during a collision. If a detector detects one of them moving in one direction
then the other must move in the opposite direction in the center of mass frame. However, one does
not know which particle is which because after an overlap they are no longer distinguishable. This is a
fundamental result and not a limitation of the measuring equipment.

7.2 Tensor Products

If one wants to describe more than one particle in three dimensions, tensor products of vector spaces are
needed. The tensor product of the vector spaces V; and Vs is written as V = V; ® Vs and states that
for every vector |¢)) € Vi and every vector |p) € V, there is a vector |¢); @ |¢), € V where the tensor
product obeys the properties:



(1) Tt is linear with respect to scalar multiplication such that

a(|); @ lp)y) = (aly);) ®|p)y = |1); @ (alp),) for a € C.

(2) It is distributive with respect to vector addition such that
(1)1 + [¥2)1) @ [@)y = [¥1)1 @ @)y + [¥2), @ [0), and
[0} ® (lp1)g + 192)9) = 1)1 @ [p1)g + 1)) @ |p2),-

(Note that |¢); @ |¢)y = |¢)y ® |¥b); because of the indices.)

Given a basis {|u;)} in Vi of dimension N; and a basis {|vx)} in Vy of dimension Na, {|u;); ® |vk),} is a
basis in V = V; ® Vs of dimension N; - No. A general vector ), ® |¢p), € V becomes

P) = ch |uj)
0) = di o)
k

where ¢; dj, are the expansion coefficients. An arbitrary vector |x) € V can be written as

X) =) ajklu;), @ Jvg),
I

= ), Q) Zc] luj), | ® (Z dx, |vk>2> = Z cjdi |[uj), @ |vg),
3 jk

and the question arises whether |x) can always be decomposed as a product |¢); ® |¢), where ) € V;
and |¢) € Va. The equality a;r = ¢;j di for the coefficients would have to be satisfied. The answer is no
as

[} = c1fur) + 2 |u2) Y ® ), = crdy ur)y @ |v1)y + crda |ur)y @ [va)y +
lp) = di [v1) + da2 [v2) cady [uz); ® [v1)y + cada [uz); ® [v2),

with

IX) = a11 |u1); ® |v1)y + a1z |u1); @ [va), + a2 [u2); @ V1), + azz luz); ® |v2),

2

1
ﬁ(|u1>1 ® |v1)y — uz); ® |U2>2)
shows because a11 = c1dy = 1/v/2, a12 = c1dy = as1 = cady =0, azy = cady = —1//2 is not possible as

two values among c1, ca, dq, do must be zero. States like 1/v/2 ([u1); ® |v1)y — |u2), ® |v2),) are called
entangled and play an important role in quantum mechanics.

The scalar product of [¢); ® |¢),, |[¢'); ® |¢'), € V with [¢),[|¢) € Vi and |p), |¢’) € Vs is defined as

(1<¢‘ ® 2<90| ) ( |1/)/>1 & |<P/>2) = (1<1/J|1//>1 ) (2<<P|<Pl>2)

and with {|u;)} € V4 such that (u;|um,) = §;n, and with {Jvg)} € Vs such that (vg|v,) = Ok

(1<uj| ® o (k| ) ( [Um)y ® |vn>2) = (1<uj|um>1 )(2<vk‘vn>2) = 0jmOkn

proves that the basis {|u;); ® |vy),} is also orthonormal.

The next question is how the tensor product Ay ® By of an operator Ay acting on V; and an operator
B acting on Vs act on V = V; ® Vs. Defining

(A1 ® Ba) ([v); @ lp)y ) = (Ar 1), ) ® (B2 )y ) (7.1)

such that the operators only act on the states in their own state space does not yet cover entangled states
but

(/11 ® Bg) Ix) = (A1 ® By Zaﬂk ;) @ |vg)q Zajk A1 ® Bz) [uj), ® |vk)s
jk ik

= Zajk(Al |uj>1) ® (BQ |Uk>2)
IT



covers all states [x) = >_ ) ajk [uj); ®|vk), in Vi ® V2. An operator Ay acting on Vy actson V =V, @ Vs,
as Al ® I such that

(A1 @ 1a) |uj); @ o)y = (A1 fug), ) ® (Ta|vk)y ) = (A1 lug), ) @ [ok),

and |vg), is left untouched. Similarly, an operator B actingon Vo actson V=V, ® Vs as [} ® By and
leaves vectors in V; untouched.

Notation is often simplified. Instead of |¢); ® |¢), one simply writes |¢); |¢), or even |¢) |¢) and ¢, @)
where it is assumed that the first vector belongs to the first vector space and the second to the second one.
As an example, the three vector spaces V; for x, Vs for y, V3 for z as the tensor product V =V; Vo ® V3
should contain vectors |z); ® |y), ® |2); but they are usually written in one of the forms |z); [y)5]2)5,
l2) [y} |2), |z, y,2) or |r). Similarly for operators, one uses A; B, instead of Ay @ By and Al or A,
instead of /11 ® Is.

7.3 [Eigenvalues and Eigenstates in Tensor Product State Spaces

Given the eigenvalue equations A [v) = Alp) in V; and Blg) = @) in Vs the operator C' acting on
V=V,®Vyis assumfzd tobeC=A4; I, +1; ® B as the sum of two tensor products and to satisfy the
eigenvalue equation C'|x) = w|x). This special form of C occurs in physical systems such as

(i) particles moving in three dimensions with the example H= ﬂw @I, @I, +1, ®Hy QI +1, ®1, ®flz
of the three-dimensional harmonic oscillator,

(ii) multi-particle systems with the example H= fJCOM Q@ Lral + Ioom ® ﬁrel of two particles interacting
via a potential that depends on their relative position in the center-of-mass coordinates.

The ket 1)), ® |), €V =V @ Vs is an cigenstate of C as

Cl), ®e)y = (A @l +T1 @ B) [), ® |9}, = (A1 [);) ® (T2]@), ) + (Th [10), ) @ (Balp)y)
= A 1)) @ |0)y +18), ® 1l0)y = A[90)1 @ 10)s ) + (1)1 @ [9)s) = (A + 1) [9); @ |0)s

shows using (7.1). This proves that |x) = [1), ® |¢), is an eigenstate of C' with eigenvalue w = \ + p.

7.4 Permutation Operators

Permutation operators exchange particles. The mathematics need these operators to capture the symme-
try of identical particles, and permutations are the tools to rearrange ordered elements. A permutation
P : 123 — 312 is written as P31 because the initial state is assumed to be the ordered state 123. For N
elements there are N! permutations.

As an example, N = 3 particles are assumed and the state space is therefore ¥V = V; ® Vo ® V3 with
the basis {|U1>1 |uj)2 ‘Uk>3} € V. There are 3! =6 permutations Plgg7 P3127 P2317 P1327 Pglg, P321. The
permutation operator acts as

Prnp [ty [ws) g [uk) s = [ui),, [ws),, [uk),

on the basis states, and this moves the particle associated with state space V; to the state space V,, and
so on for the other two particles.

A transposition is a permutation that exchanges two elements and leaves the rest invariant. Transpositions
are Hermitian Ps; = P2T1a involutory P% = I and unitary PQT1 = P;,!' as one can easily show for N = 2
but can also be generalized to any transpositions. Every permutation can be written as the product of
transpositions. The parity of any permutation is even or odd depending on the number of transpositions
needed.

When writing P, for a general permutation and 7 for a general transposition one can show that also
permutations are unitary but that not all permutations are Hermitian because transpositions do not
commute in general. A further property is that the adjoint of a permutation has the same parity as the
permutation because the adjoint is just the same sequence of transpositions but in reverse order.



All permutations for a given N form a group. The identity is the permutation that does not change
anything. The product of two group elements gives another group element because two permutations one
after the other just reorder the elements in a way one can achieve with one permutation. Finally, the
inverse is the permutation that undoes the permutation.

The rearrangement theorem states that if Pl, Pg, vy Py is a list of all permutations and P, is one of
them then P, P1, P, Pg, e, Py Py contains each element of the permutation group exactly once. Thus,
this reorders the elements but does not duplicate some of them.

7.5 Symmetric and Antisymmetric States of Many Quantum Particles

In quantum systems of identical particles exchanging any two particles does not change the physics.
Symmetric states do not change at all when two particles are exchanged, and antisymmetric states
change only a sign when two particles are exchanged. This captures the key difference between bosons
and fermions.

In an N-particle system V = V; ® ... ® Vy with the N! permutation operators P, is the state 1y totally
symmetric if Rﬂ/q. = 1, for every permutation P,. Totally symmetric states exist in a subspace V; of
V. If Pazp, = n¥_ for any permutation P, where No = =1 depending on whether P, is even or odd
then 1 _ is a totally antisymmetric state. Totally antisymmetric states exist in a subspace V_ of V.

With the definition of the two operators
So= Lyp GRS oW 2
TN * — T N1 Lt (72)

where the sum goes over all permutations any state can be projected onto V. with S+ called symmetrizer
and onto V_ with S_ called antisymmetrizer. To prove this the property P S+ = S+ " = S+ and the
property P,S_ =58P, = naS both following from the rearrangement theorem are needed. These
two properties allow to show S2 1= S+ and §2 = S_. Thus, the symmetrizer and the antisymmetrizer
operators are projection operators.

Further, one can prove 5’+5’_ = 0 such that they project to orthogonal subspaces. Finally, ,§'+ +5 #£1
for N > 2 shows that the two operators do not project to complementary subspaces except for N = 2.
The last point to show is that |¢/') = S, [¢)) is a totally symmetric state, and this follows from P, [¢') =
PSS, [0) = 8o |¢) = [¢'). Tt also follows that any permutation of a ket projects to the same totally
symmetric state because S (Pa [)) = Sy |), and that any permutation of a ket projects to the same
antisymmetric state possibly up to a sign.

If A; and Ay are two observables with A; |u;) = a; |uj> such that {|u;)} € Vi and Ag |ug) = ay, |ug) such
that {|ug)} C Vs then A @1y — Ay and [; ® Ay — As. The permutation operator Py acts as

Por Ay P [ug), Jur)y = Par At [ug)y lur)y = aiPor [ug)y lur),
= ag |uj); [uk)y

Ap [ug), Jur) = ag |ug), Jug)y

such that ]521211}3;[1 = 1212 and ]521121216;[1 = 1211. This is true for any observable 012 such that one can
write P21012P2Tl = (091 where Oq5 could be O = A] + By = A1 @I, +1; ® By and Oy = By + Ag, for
example.

A symmetric observable is an observable for which Olg = 021. This is equivalent to the statement that
the observable commutes with the permutation operator because from 1321()12]5;1 = 0y = Oy, follows
]521012]521]521 = 012]521, 152101211 = 012P21 and 1521012 = Olgpzl Generalizing this to N particles
allows to define a totally symmetric observable 012 N as an observable satisfying [012 N, P, ] = 0 for
all permutations b,.

Totally symmetric states and totally antisymmetric states are the only allowed states for systems of

identical particles. They are fundamental in areas ranging from condensed matter physics and material
science to chemistry because they all involve multi-particle systems.



7.6 Exchange Degeneracy

For systems with two identical particles there is an infinite number of kets describing it. However, if one
does predictions using the rules of quantum mechanics different states give different results.

As an example a two-particle system V = V; ® Vs is used where the particles have a spin % such that

N 1 A 1
8. 11, = +5h1), 8. W), = =5k,

are the eigenvalue equations. The state space V for both spins has dimension 4 and the basis states

are {|1),, ® |T>22 NI IAPS |\L>1z ® Moz s W1 ® |\I/>22} or sunply {154, 1. [ ).} The

operators are Slz ®Iy and I} ® ng simply written as Slz and SQZ, respectively.

Assuming that measuring S, gives +7/2 and —//2 then one particles is up and one particle is down but
it is not clear which particle is in which state because |1,]), and ||, T), are possible. The two states are
orthogonal _ (1, | |, 1), = 0. However, not only these two states are consistent with the measurement but
also any linear combination « |1, 1)+, 1), with normalization la|*+]B]> = 1. This linear combination
is a superposition state where « and [ determine the probability. This means that there are infinitely
many states describing the situation that one particle is up and the other is down, and they all describe
the same physical situation. This fact is called exchange degeneracy.

This means that all the states «|1,}), + B[{,1), are equivalent similar to a global phase e’ [¢). All
physical quantities are independent of a global phase. To understand the problem of exchange degeneracy
one can ask the question what the probability is of getting (+h/2, +k/2) if one measures Si, and Sy, in
the z-direction. Using [1), = 1/V2 ([1), + ), ) gives

1 = (T +192)) @ (S + 1)) = 5 (110 .+t + 09 )

and the probability becomes
2

) (). + Mt ) = [ (Gt th)) (it + 810, )

2

2

- B(axm |1+ B LT L)) = %(“5)

such that the result depends on o and . The situation is therefore different from a global phase factor.

All possible permutations P, applied to a state |1)) € V in a system with N particles where V = V1 ®...0Vy
gives the set {P, |¢)}. This set spans V,, and each of the states in this set describes the same physical
situation if all particles are identical. This is the exchange degeneracy for N identical particles. It gives
rise to a big problem because all these states describe mathematically the same system but when used
for physical predictions using the rules of quantum mechanics result in different answers. The question is
which state describes the physical system. The answer is given by the symmetrization postulate added
to the initial sets of postulates for quantum mechanics.

7.7 The Symmetrization Postulate

There is an infinite number of states that describe a quantum system with multiple identical particles
but depending on the state selected different outcomes of measurement result. This problem consistent
with the rules of quantum mechanics introduced so far is called exchange degeneracy. To overcome this
problem an additional postulate is needed.

Symmetrization Postulate: For a system of identical particles, the only kets of its state space that
can describe physical states are

1. totally symmetric kets with respect to permutations of identical particles or
2. totally antisymmetric kets with respect to permutations of identical particles.

The particles that obey the totally symmetric case are called bosons and the particles that obey the
totally antisymmetric case are called fermions.



The space state of N distinguishable particles is V = V; ® ... ® Vx but the space state of IV identical
particles is either V. for bosons or V_ for fermions. The question is how does one know whether a given
particle is a boson or a fermion. The empirical answer comes from experiments. Particles with integer
spins are bosons and particles with half-integer spins are fermions. Elementary particles such as photons
are bosons but also composite particles such as mesons and helium-4 belong into this group. Elementary
particles such as electrons and muons are fermions but also composite particles such as protons, neutrons
and helium-3 belong into this group. The spin is an intrinsic property for elementary particles and for
non-elementary particles one has to combine the spins of their elementary components. The relation
between spin and the bosonic or fermionic nature of a particle is an empirical fact in elementary quantum
mechanics but there is the spin-statistics theorem in quantum field theory such that this relation can be
derived from other principles.

As shown above {P, 1))} span Vy, for |¢)) € V and this causes exchange degeneracy. On the other hand
the symmetrization postulate tells that the physically allowed kets live either in V. for bosons or in
V_ for fermions. Thus, one has to show that only one ket in the set {P, [¥)} lives also in V; or V_.
The symmetrizer S+ and the antisymmetrizer S_ both commute with all permutations P, such that all
terms are equal to S+ respectively equal to naS_ Therefore, symmetrizing [¢) gives S+ WJ) € V4 and
symmetrizing P, [¢)) gives also S (P, |1)) = Sy |1) € V. This shows that the symmetrization postulate
removes the exchange degeneracy. The single state is S+ |1} for bosons and S |t) for fermions, and the
remaining question is how this single state is constructed. This is shown for a few examples.

In a two-particle system with |p) € Vi and |x) € Vs the state [¢) = [¢); @ |x)y = @)1 |X) € V is chosen

in the first step. The second step is the application of the symmetrizer such that the symmetrized state

8419 = 5 (Pra + Pa) (191 1) = 5 (I XD + 1) )

is a boson, or the application of the antisymmetrizer such that the antisymmetrized state

19 = 5 (P~ ) (I Ix)2) = 5 (1001 1)z = X))

is a fermion. The third step is normalization and one has to distinguish |¢) # |x) with the normalized

state 1/\/5( [0)1 X2 £ 1X)4 |‘P>2) and ) = [x) with %(|90>1 [P)a + ) |‘P>2) = |¢); |¢), for bosons. The
case |p) = |x) for fermions gives 3 ([¢); [¢)y — [#); [¢)5 ) = 0 and shows therefore that there is no ket in
V_ that can describe this physical state. This is the Pauli exclusion principle stating that two identical
fermions cannot be in the same state.

In the three-particle system with [¢), |x), |w) the state |¢)) is select ordered |1) = |¢); [x)s |w)4 in the
first step. The symmetrizer for bosons gives

S'+ W’> = %( |50>1 |X>2 |W>3 + |W>1 |90>2 |X>3 + |X>1 |W>2 |90>3 +

lo)1 [w)a [X)3 + 1)1 19)o lw)s + W)y [X)o |<P>3)

in the second step. In the last step several different cases have to be distinguished. The result in the case

lp) # [x) # |w) is
|7/J> = %( |S0>1 |X>2 ‘w>3 + |W>1 |<P>2 |X>3 + |X>1 |w>2 “P>3 + |<P>1 |w>2 ‘X>3 + ‘X>1 |90>2 |w>3 + ‘W>1 |X>2 |<P>3)
and is

) = %( |90>1 |<P>2 |W>3 + |90>1 ‘w>2 |90>3 + |w>1 |50>2 |‘P>3)

in case [p) = [x) # |w). The state is |1) = |@); [), )5 for [0) = [x) = |w).

Also in the three-particle system with |¢), |x), |w) and [¢)) = @), [x), |w); the antisymmetrizer for
fermions gives

_) = %( |50>1 |X>2 |w>3 + |W>1 |90>2 ‘X>3 + ‘X>1 |W>2 |90>3
= 10)1 W)z IX)3 = 1X)1 [#)2 W) = lw)y [X)a l9)3)



in the second step. State |¢) in the case |¢) # |x) # |w) is

[v) = %( )1 1) 2 [w)s + 1w) [9)o [X)3 + XD 1 [w)a [9)s = |0)1 [w)g [X)5 — 1)1 [9)a [w)s — )y 1X) o |‘P>3)

and the Pauli exclusion principle does not allow the other cases |p) = |x) # |w) and |¢) = |x) = |w).

For a system with N particles |¢1), ..., [¢n) the state [¢) = |p1); ..., |¢nN) y Is symmetrized or antisym-
metrized by

Sy lg) = <N' > P > 1)y s [ON) N S_ [ (N' > a a> [P1)1 5 [ON) N

where the left side shows the case for bosons and the right side the case for fermions. When this bosonic
state is represented in the position basis in terms of wave functions this object is sometimes called the
permanent. When this fermionic state is represented in the position basis in terms of wave functions the
signs introduced by 7, obey the same rules as those for the determinant. The corresponding determinants
are called Slater determinants.

7.8 Occupation Number Representation

The occupation number representation provides an alternative compact formulation to describe systems
of identical particles. It is a more natural way of describing identical particles, forms the basis of what is
sometimes called “second quantization”, and is a powerful formalism that allows to study advanced topics
like quantum field theory or quantum statistical mechanics. Labeling particles in a system of identical
particles leads to much redundancy making symmetrizers necessary. Instead of specifying which particles
are in a certain state it is enough to specify how many particles are in this state.

If {]u;)} is the basis for one particle then {|u;), |ug), ... |up) y} is the basis for a system of N identical
particles V = V1 ® ... ® Vy. However, to describe this system a basis for V. for bosons or V_ for fermions
is needed. The basis states in Vi are

) €V = Z Cik.p [Uj)y [Uk)g - [up)
Jk...p
Selp)y Ve = Sple) =51 D> Cikoplug)y [urdy - [up)y = D Cikp S [u)y [u)y - |up)
jk...p jk...p

and this shows that {5y [u;) [ur)q .- |up) 5 } 15 & basis for V. There is a lot of redundancy in this basis
because V; and V_ are complementary subspaces of V. The repeated states are permutations of each
other, and the basis of V. are equivalence classes of all permutations applied to {|u;); [ug)y ... |up) 5 }-

Because all P, |t} [Uur)s .. [Up) - Tepresent the same state in Vi, a quantity which is the same in all
permutations is needed to remove the redundancy. Ordering the states as

|u1>1 |u1>2 ‘u1>n1 |“2>n1+1 ‘u2>n1+n2 +.

such that the individual states are grouped together allows to use the occupation numbers ny for |uy),
ng for |ug) and so on as this quantity. In another permutation of this state |u;) still appears n; times,
|us) appears ng times and so on. This leads to the occupation number representation

|TL1, no, > = Ai S:I: |U1>1 |’LL1>2 \u1>n1 |’LL2>n1+1 ‘u2>n1+n2 + ...

for N identical particles. Any permutation P, of |u1), [u1), ... [u1),, [u2), 41 [u2),, 1, + - TesUlLS
in the same occupation numbers where Ay is needed for the normalization of states. Note that the
occupation numbers may be zero, and N = >, ni. Note also that in general there is an infinite number
of single particle states |u;).

The normalization of the states in the occupation number representation is

N!

W S+ |U1>1 |U1>2 |u1>n1 ‘u2>n1+1 |u2>n1+n2 + ...

Ny, na,...) =



for bosons and

ny. o) = VNIS_ Jur)y [un)y - us),, [u), oy [u2)y, o, + - if all u; are different
T 0 if two or more u; are equal

for fermions because of the Pauli exclusion principle. For fermions the question is simply whether a state
is occupied or not. Examples of states in the occupation number representation are |0,5,3,0,8,...) for
bosons and |1,0,0,1,...) for fermions. The order is important because P, [h_) = nu |th—) changes the
sign if the permutation is odd. A transposition |u;, ug,...) = — |uk, u;, ...) changes the sign.

7.9 Fock Space

So far state spaces for a fixed number of particles have been used. To allow a variable number of particles
the state space is a Fock space which is the space for quantum field theory.

If one works in a specific single-particle basis {|ux)} a system with N identical particles can be represented
using occupation numbers |nq, na, ...) where ny particles are in state |u1), no particles are in state |ug) and
therefore n; particles are in state |u;) with N = >", ni. In this case, the different occupation numbers
n; and the total number of particles N are well-defined. These states are called Fock states. The Fock
states belong to the totally symmetric V. for bosons and to the totally antisymmetric V_ for fermions.
The space for N identical particles is called Fy independent of whether the identical particles are bosons
or fermions. The space Fi, for example, consists of a single particle. Also Fy containig zero particles is
defined.

The Fock space F is defined as
f:fo@fl@fQ@...:@fk (7.3)
k=0

where Vp @ Vg is a vector space Vpig with dimension P + @ if Vp is a vector space of dimension P
and Vg is a vector space of dimension ) and where all linear combinations of |p) and |g) are in Vpiq
for any |p) € Vp and any |q) € V. Thus, the Fock space is the occupation number space for all possible
numbers of particles.

The basis of F is the combination of the bases of all . Two kets in a Fock space with a different
number of particles are orthogonal. Because a Fock state has a fixed number of particles any Fock state
belongs to a subspace Fy C F. The vacuum state |0) € Fy is the Fock state with zero particles.

The Fock space allows states beyond Fock states such as |0) 4+ |1) + |1,1) with superpositions of Fock
states with different numbers of particles. This example state is a superposition of the vacuum state, a
single-particle state and a two-particle state where the two particles occupy two different states. This
state has some amplitude of having zero particles, some of having one particle and some of having two
particles. This is an example how Fock spaces allow to treat systems with a variable number of particles,
and this is a feature needed in quantum field theory where particles and antiparticle are created and
annihilated and quantum statistical mechanics where a system can be in an equilibrium with a particle
reservoir with which it exchanges particles.

7.10 Boson Creation and Annihilation Operators

Given a single-particle basis {|u;) } the Fock state |n1,ng, ..., nj, ...) specifies a state with multiple identical
particles with n; particles in state |u;). The creation operator dLj for bosons acts as

ELL]_ |n1,n2, cey Ty, > =Ny + 1 |n1,n2, sy Ty + 1, > (74)

on the Fock state [n1,ng,...,n ,...). In words, it adds a particle to the state |u;). Another way of looking
at the creation operator is that it allows to navigate the Fock space as it leads from Fn to Fy4+1. When
there is no possible confusion one often uses the simplified form dLj Inj) = y/n; +1|n; + 1) instead



of (7.4) only showing the occupation number that changes while all the other occupation numbers that
stay the same are omitted.

The adjoint operator of dLj is (d};j)Jf = Gy, and acts as
(nj +1]al, Inj) = /n; +1(n; +1n; + 1) = /n; + 1
(n; + 1|&Lj Inj) = (ny|(af, )T|n] +1) = (njlau,|n; +1)" = /n; +1#£0

because Fock states form an orthonormal basis. However, the fact that Fock states form an orthonormal
basis also means that d,, [n; 4+ 1) must be proportional to |n;). This means

duj |nj + 1> =N +1 |71J> = duj |’I’L]> =Ny |nj — ].>
such that this operator navigates from Fy to Fy_1 as long as N > 1 as it annihilates a particle. The
annihilation operator a,; for bosons acts as

. vni+1|ny,ng,...,n; —1,...) ifn; >1
Qy; [P1, M2, 0y M, ) = J 1,2 I ) 7= (7.5)
0 otherwise

on the Fock state [ni,ng, ...,nj,...). In words, it removes a particle from state |u;) if there is at least one.

To determine the commutation relations between creation and annihilation operators the notation is

simplified from dLj and a,,; to d; and a;, respectively, with the implicit understanding that the basis for
single-particle states is always {|u;)}. From

; Lnj,nk Vi +1vng +1in; +1, nk+1>—ak ]|n],nk)

follows that the commutators [aT ai] and [a aL]Jr vanish independent of j # k or j = k. Similarly, from

ajal [nj, ) = agvng + 1ng — Lng + 1) = al a; |nj, nk)

follows that the commutator [d;, d;i] vanishes if j # k. However, from

a;al |n;) = v/ny + Lag Inj +1) = (n; +1) ny) alaging) =y alng —1) = n;ny)
follows that [d;, d;] = 1. To summarize, for the bosonic creation and annihilation operators are

[@u; s Gy ] = 0 [af,,al,] =0 [y, ] = 01 (7.6)

U
the commutation relations.

Given a fixed single-particle state the creation operator a' allows to navigate from the vacuum |0) in one
step to |1), in another step to |2) and so on up the ladder. In the bosonic case one can add arbitrarily
many particles to the same state. The annihilation operator G on the other hand allows to navigate down
the ladder to |2), from there in one step to |1) and in another step to the vacuum state |0). Because there
is no state with less particles than the vacuum state @ |0) kills the state and this is written as G |0) = 0.

Acting with the creation operator on the vacuum state gives aT 0) = [1), (af, ) |0y = al |1) =+v2]2)
and so on. Acting n; times with the creation operator for |u;) on the vacuum state gives ’

Vst = (a4,)" 10 ) = = (#,) " 10

and this generalizes to

|ni, ne,...,nj,...) =

for an arbitrary state |ni,ng,...,nj,...). Thus, to get the occupation number n; one acts n; times with
&Lj on the vacuum state |0). Comparing this with

|n1,n2, cey Ty, > =

j' ”S-i- |U1>1 |U1>n1 |u2>n1+1 |u2>n1+n2



shows the relation

oot o e ) o) a2

with the expression in terms of the symmetrizer.

The occupation number operator is defined as 7, = dLj day; and acts as

’fluj ‘77,1,77,2, ceey Mg,y > = CAle(Aluj |TL17TL2, ceey Mgy > = d};j\/nj |’I’L1,’I’L2, cey Mg — ]., > =n; |17J171”L27 ceey Mgy >

showing that the Fock states are the eigenstates of the occupation number operator and that the eigen-
values n; tell how many particles are in that state. The operator N counts

N=> hy, =Y al b,
J J

the total number of particles.

7.11 Fermion Creation and Annihilation Operators

Given a single-particle basis {|u;)} the Fock state is written as |ug, uy, ..., Up, ...) listing only the states
with one particle because there is either no particle or one particle in a state such that the states with
zero particles can be ignored. The creation operator éLj for fermions acts as

ézj [Uhs Wty ooy Up, o) = | U, Uk, Uy oy Upp, o) é}:j [k, Ugy ooy Wy ooy Upy o) =0 (7.7)

on the Fock state |ug, ug, ..., up, ...). In words, the creation operator creates a particle in the given state if
and only if there is no particle in this state. This follows from the Pauli exclusion principle. The creation
operator allows to navigate from Fy to Fny1. Because the order in which the states appear is critical
the new state is added at the beginning of the list.

The adjoint operator of é};j is (é}:J)Jf and acts as

(uj, U, Uy, ...|6Lj|uk,w, ) = (uy, ug, e, g, Uk, g, ) =1
A ~ * ~
(uj, uk, ug, ...|czj|uk,u47 o) = (Ug, wg, ...|(c£j)T|uj,uk,W, o) = (ug, ug, |y, Jug, g, ug, L= 14£0

because Fock states form an orthonormal basis. However, the fact that Fock states form an orthonormal
basis also means |uy,wuy, ...) = Cy; |Uj, Uk, Uy, ...) such that the operator ¢,, has annihilated the fermion
in state |u;). The annihilation operator ¢, for fermions acts as

Cuj [y Upy Ugy o) = [Up, Uy o) Cu; Uk, ug,...) =0 (7.8)

on the Fock state |u;, uk, ug, ...). In words, it removes a particle from state |u;) if there is at least one.
The annihilation operator navigates from Fy to Fn_1 if possible.

The order in the fermionic Fock states is important because exchanging two fermions introduces a minus
sign. The creation operator adds the new state at the beginning of the ordered list, and the annihilation
operator removes a state only when it is at the beginning. If a state after creation is needed in another
position or if the state to be annihilated is not at the beginning, the states have to be moved but keeping
track of the sign changes. Every exchange of two states multiplies with —1. If for example |us) should
be annihilated in |uj, ug) then é,, |u1, us) = —éy, Jug, ur) = — |uq).

The fermionic creation and annihilation operator obey anticommutation relations. To simplify notation
éj and ¢; are used instead of éLJ, and ¢,, assuming implicitly the basis {|u;)}. Starting with the creation
operators j # k and n; = n; = 0 gives

Py _af —
ctel |ug, ) = él lug, ug, ) = ug, ug, ug, .20
7 : ! = {ehefr=0

éZé;r lug,...) = 6;2 [, Up, o) = Uk, Uj, Upy o) = — |Uyj, Uk, Ug, ...

10



and this is also the case for j = k because (62)2 = 0 due to the Pauli exclusion principle. A similar
calculation shows {¢;, ¢} = 0. For ¢; and éz with n; = 1 and nj = 0 the anticommutator is

éjéz [uj, e, ...) = & |ug, uj, up, ...) = =& |uj, uk, ug, ...) :—|uk,ug,...>} N @ 1 _ o

e fug, g, ) = el g, ..) = |uk, ug, ..) R
in the case j # k but the anticommutator is

Cj lug,ug, ...) = |ug, ...
o tes ) = Jue >} for n; =0

Cjé; |U[,

&l Jug, ..

{éhé;r} =1

o O
I

.
¢jC) lug, ug, ..
forn; =1

)=
)
> }
D= |Uz,...> = |uj, ug, ...)

in the case j = k. To summarize, for the fermionic creation and annihilation operators are

{éuj7éuk} = O {éuj? uk} - 0 {éu]’é;rtk} = jk? (79)

the anticommutation relations.

o
¢icj lug, ug, ..

Acting with the creation operator when the state is already occupied gives zero, and acting with the
annihilation operator on a state where there is nothing to annihilate gives also zero. This means

&l Jug) =0 éu; 10) =0
and there is no ladder as in the bosonic case because of the Pauli exclusion principle. In general
In1,na,.ynj, ) = (e, )™ (élz)nz(élj)m |0) ni € {0,1}
for an arbitrary state |ni, ng,...,nj,...). Comparing this with
|n1,no, sy, o) = VNS |ug), ... |U1>n1 |uz>n1+1 |U2>n1+n2
shows the relation
(et )™ (é:rm)nz(ézj)m [0) = VNUS_fua)y o |ur), Ju), g [u2), g

with the expression in terms of the antisymmetrizer.

The occupation number operator is defined as n,; = éLj ¢y, and acts as

Py g, ) = &, Cuy [ug, ) =0 n; =0
Ty [, Uy o) = éljéu]. luj, uk, ...) = éL], [k, ...) = |uj, ug,...) nj =

showing that the Fock states are the eigenstates of the occupation number operator and that the eigen-
values n; tell how many particles are in that state. Note that this is also true if |u;) is not the first in
the list because moving it there in p steps and back again in p steps multiplies the result by (—1)%° = 1.
The operator N counts

N=> i, =Y ¢ é,
J J

the total number of particles.

To summarize, the commutation and anticommutation relations, respectively, for creation operators and
annihilation operators are

[&uja@uk] =0 {Cu;, Cu} =0
[&71;3 ]_0 {Cua uk}_o
[a’uj’aLk] = Ojk {CUj7CLk} = Ojk

on the left side for bosons and on the right side for fermions.

11



7.12 One-Body Operators

The simplest case of operators are the one-body operators acting on one particle at a time. Examples
are the position and the momentum operators. An operator f acting on a single particle in V, can be
written as [; b ® ... ® fq ® ... ® Iy acting on the full state space V =V, @ Vo ® ... ® V; ® ... ® Vn.
This is simplified to fq by omitting all the I;. If the IV particles are identical then V = V, for bosons
and V = V_ for fermions, and the operator f must by symmetric under particle exchange. In this case

A~ N ~
F:qu
g=1

is symmetric and is called a one-body operator. One needs the matrix elements for a given basis and
this matrix elements can be written as <state|ﬁ' |state). However, this expression can become very tedious
because creating totally symmetric states by applying the symmetrizer or antisymmetrizer to the tensor
product state results in N! terms. With N! terms from the bra, N terms from the sum over fq and N!
terms from the ket this means N(N!)? and makes the calculations very cumbersome.

Using creation and annihilation operators allows a much more compact representation for a one-body
operator acting on identical particles. In the basis {|u;)} for V, one can write

F= " FinluXuel  fiw = (uj|flug) = fo=> firlw)oqtul  fik = o (uyl flu)
q q
Jk ik
and insert into

N N Z fik dljduk for bosons
F=> fi= Uj)q o (U Uj)g a{u L 7.10
q:Zlfq q:Zlef]kl J q(I k‘ Zf]kz| J qq k| Z‘f]kéljéuk for fermions ( )

jk

to get the symmetrized operator where the last step with the creation and annihilation operators needs
a proof. The operator dljduk respectively éLjéuk moves a particle from state |ug) to state |u;).

The proof determines how F acts on a Fock state

>n,,,+1 |U'S>n,,.+ns

N NT .
Z |uj>q q{uk] msﬂt |ur)y - ‘ur>nr |u8>nr+1 ‘u8>nr+ns
= V nelngl...

is needed with n; = 0,1,2,3, ... for bosons and n; = 0,1 for fermions. The operator is symmetric, and

[Ty Mgy o) =

where only

[Os, P ] = 0 for any bymmetrlc operator Os and any permutation P, such that also [Os, Si] = 0. The
operators can therefore be exchanged

\V o nr|ns (ZWJ a4 uk|> [tr)y e fr)y,

and the sum from 1 to N becomes

N
(Z ), q<uk|> )y [y oo [y, () oy oo sy o, e

q=1

>nr+1 ‘u5>n,.+ns

= (|uj>1 1<uk\u7«>l) [Ur)g oo [t )y (Us) 1w |Us) g, o
+ )y (g 2 (unlue)s) o), [ws) g1 e [ts)y i, ooe e
= (|uj>1 Jkr) [Ur)g oo [Ur )y (Us)yy oo [Us) s o

+ Juj), (|uj>2 6kr) |“7’>nr |u5>nMLl |us>nr+ns O T

12



showing that only a total of n;, terms will be non-zero. The ny, terms |uy) are transformed into |u;) and
all these ny terms are permutations of each other. Thus, the whole expression simplifies to

/[ N! 4
= Nk ms:t |U7~>1 |U7~>nr |’U43>nr+1 |’U43>nr+ns "U,j>q

showing the action of F on a Fock state. The operator F picks a particle in state |uy) and replaces it by
a particle in state |u;). Thus, F' acting on a Fock state |n,,ns,...) gives another Fock state |n,,n,...)
both in occupation number representation where nj, = n; — 1 and n; =n; + 1. It follows

N!

Il |
nnll..

A A niinll..
Sy )y .. = Sy fup), . =) =2 nl 0l )

Inl,nl,..)= I

and

N
N! n/Inll..
<Z|“j>qq<uk|> [Ty gy oy My ey My ) = T ' TN‘: Inl,nk,...)
q=1 '

nylngl...

nj+1

- Ini,nl, ) = /ng(n; + 1) ne,ne,eng — 1, my +1,.00)

:’)’Lk_

making clear that this is equal to

515 _
A5Gk [Ny Mgy oy Mgy ey Mgy o) = /Mpy/ Mg+ L0y gy npg — 1, my + 1,00
for the bosonic creation and annihilation operators and analogously for the fermionic case.

The term fjs &Ljduk moves one particle from state |ux) to state |u;), and f;i is the amplitude associated
with this transition. In the basis of its own eigenstates one gets

f|U7L> = fnlvn) = fik = <Uj|f|vk> = fi (vjlvk) = fi Ok
= F =" fial o, =Y frdjpal an, =D fial by, = fih,
Jk Jk J J

such that the one-body operator F in the basis of eigenstates simply counts how many particles there are
and multiplies this number for each particle by the eigenvalue corresponding to the single-particle state
occupied by this particle.

7.13 Two-Body Operators

Also two-body operators can be written in terms of the creation and annihilation operators. An important
example is the Coulomb interaction. The state space of two particles is V; ® V, and the operator Gqq
acts on this two-particle state space. The space state for N particlesis V=V1®.. @V, 0 Vy ®...Q VN
and the operator is [} ® ... ® Gq¢' ® ... ® [y but is simply written as Gqq-. For N identical particles the
state space has to take symmetrization into account and the operator acting on all N particles becomes
| XN
G= ) Z 9aa’
a,q'=1
a#d

because it must be symmetric under particle exchange. Such an operator is called a two-body operator
and it is very cumbersome when written in terms of all possible permutations.

Instead of working with symmetrized and antisymmetrized tensor products one can build for the two-
body operator on the results obtained for the one-body operator. The commutation relations for bosons
and the anticommutation relations for fermions are

[a;,a}] = &1 {¢j. b} = 0m
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according to (7.6) and (7.9), respectively. Under the assumption that one is always working in the same
basis, a; has been written instead of a,; and similarly for the other operators.

The results in the following are applicable for bosons and fermions but are only developed for bosons,
and the commutation and anticommutation relations can be written as

. A
a;4; =nNa;a; +90; 1 for bosons
jOr = M0a3a; + 0jk with _JT :
G0 = 1 aKa; —1 for fermions
such that
starata —at (natar 46 St 5 St 5o ata
ajakGypam = a; (nayag + Oge | am = na Gy g, + kga am = na;a, (arm) + Oke a;am

= na] (77 amar) + 5kga - n al aZamak + e a oy, = aTaZamak + Ope aTam

is as a sample formula used below which is independent of whether the particles are bosons or fermions
because the factors n cancel.

A special case is §gq = f4 by such that G becomes

N)M—l

N —
=]
1[M=
A

o
=}
DINGE

paybl

Q\

|
=
—

~~»

paybl
SN—

=)

where f, hy acts on the same state and can be written as (f iz)q. Interpreting (f ﬁ)q as another operator
shows that each of the sums are one-body operators such that they can be written in terms of creation
and annihilation operators

G = 2 ijza;aezhkm alam _Z(fh)jm a}am
je km ‘

Il
o |
)
~
>=
I
3
j«3
[y
=}
~
Q>
>~
Q>
3
|
—~
>
o>
~—
<
3
Q>
L
Q>
3

1 a A r 7 ~ ~
= ) Z fie hiem a;r Lamae + Z fie hiem ]gaTam — Z (f h)jm a;r.am

jkém Jkim im

according to (7.10) and using the above sample formula with 7 to distinguish bosons and fermions. The
second term is

S Fit b et = 3 gl Flue) (el hlum) alam = 3 (us] f (Z |w><w> B ftm) S,

Jkim jlm jm 4

="yl fhlum) @lam = > (uj| fhlum) alam = > (f 1) i il
jm jm jm
and cancels with the third term such that
. N 1 o
¢= - 2 Z fie P d;&]t;&m&é Jaq = fqhq

1 jkém

N

q,q’=/
#q

is the two-body operator for the case where g4¢ can be factorized as fq Hq/ into two one-particle operators.

In the general case the two-body operator g,q can always be written as

Jqq = anb’f; hqﬁf
apB
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where g4 = fq ﬁq/ is the special case with all expansion coefficients c,g being zero except for one of
them. The example (&1 — fg)z = :fc% + :2% — Z1%9 — X2 illustrates how this can be done. Thus,

N N
~ 1 1 S
6=} 2 o=} X T} T 3 i
q,q'=1 q,q4'=1 of q,q'=1
q7#q’ q7#q’ q7#q’
1 A
52 U1|f |ue) Uk|h |tm) j mag
aB Gkl

using the result for the factorized case. Because

Gikem = q(W5] ¢ (uk|Jqq |ue) |um>q/ = Z cap (uj|fq'lue) <Uk|hg'|um>

ap
the result becomes
| X
G 5 Z = — Z gjkrfm& d dm&g (711)
q,q :1 Jk:ém
+q

with gjrem = ¢(uj] ¢ (WklGgq |1e) [tm),, for the general case. This formula is applicable for bosons and
fermions. Conceptually, this means that there are initially two particles in states u, and u,, and finally
two particles in states u; and uj where gjrem, is the transition amplitude.

Note that the order of the indices is important. In gjrem the last two indices are £fm but the order of the
annihilation operators is a,,ady. This order is not relevant for bosons with their commutation relations
but is important for fermions with their anticommutation relations.

7.14 Changing Basis of Creation and Annihilation Operators

Choosing a good basis can simplify the mathematics of a problem significantly. This is also the case with
creation and annihilation operators. Since states and operators can be written in terms of creation and
annihilation operators the question is how they transform under a base change. The single-particle basis
is {|u;)} with orthonormality (u;|ux) = d;.

The boson creation operator (7.4) and the boson annihilation operator (7.5) act as

al, nj) = \/nj +1ln; +1) Guy [nj) =/ [ng — 1)

where only the changing occupation number has been listed showing that n; particles are initially in state
|uj). The fermion creation operator (7.7) and the fermion annihilation operator (7.8) act as

éL], [Uny o) = |Uj, Un,s ... Cu; [y Uy ) = |ty o)

in a similar fashion but written using kets from the basis due to the Pauli exclusion principle because
occupation numbers can only be 0 or 1. These operators become dlk and so on in another basis {|v;)}
with orthonormality (v;|vg) = &,

To see how creation and annihilation operators change from basis {|u;)} to basis {|v;)} one can start
from the action of the creation operator on the vacuum

al, 10) = [ox) = Tlok) = Z\Ua (sl | lvk) = Z<Uj|7fk> ug) = (uylog) @i, 0)

and apply it to the annihilation operator

do, = (@) = [ wlonal, | =3 o @) = (eluy) a,

J J J



using <uj|vk>T = (uj|vg)” = (vg|u;j). The result for fermionic operators is the same. Thus, the creation
and annihilation operators change as

al, = (ujlve) al, Gy, = Y (k) i, (7.12)
J J
for bosons and fermions when going from the basis {|u;)} to the basis {|v;)}.

As a sanity check one can examine how the commutation relations (7.6) and the anticommutation rela-
tions (7.9) behave under a basis change. The commutation relation are

[, @b, ] = | D (orlug) duyy Y Cuglom) @l | =D (orlug) (uelvm) [au;,al,] = D (orlug) (uelvm) 6

J ¢ Jt gt

> (olue) (welvm) = (o] (ZIWXW) [om) = (| L|vm) = (Vk[vm) = Okm
¢
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in the new basis, and similar calculations for the other three operators show the same.

A last check determines how the particle number operator N transforms under a basis change. It is in
the new basis

F =Y = Yl = X Sl (z (oulue) ) ™ (o) ) i,

k j ¢ kjt
= > (ujl le)ok] | ue) al, au, = (ujlue) @l au, = 6jeal au, =Y al, au, =Y ha,
J J j g W i
5l k je je J J

and transforms therefore as expected. The number of particles is conserved under the change of the basis
as it is required by physics.
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