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.B2 qm`x2H �mb /2K a�ix pQM Svi?�;Q`�b
Q/2`
J�i?2K�iBb+?2 aTB2H2`2B �m7 /2M aTm`2M pQM .B`�+
_�BM2` >�mb2`- `�BM2`X?�mb2`!;K�BHX+QK

R 1BMH2BimM;
AM /2` S`BK�`b+?mH2 2KT}M/2i K�M /B2 �//BiBQM �Hb pB2H 2BM7�+?2` �Hb /B2 JmHiBTHBF�iBQM- �#2` bT @
i2bi2Mb BK :vKM�bBmK H2`Mi K�M- /�bb bB2 #2/2mi2M/ K2?` hɃ+F2M ?�iX aQ Bbi xr�` #2BbTB2Hbr2Bb2
a2 · b2 = (a · b)2- �#2` 2b ;BHi a2+ b2 != (a+ b)2 #Bb �m7 /2;2M2`B2`i2 6 HH2X .B2 #2F�MMi2M SQi2Mx;2b2ix2
7Ƀ` `22HH2 w�?H2M ac · bc = (a · b)c mM/ ab · ac = ab+c ;2Hi2M Mm` 7Ƀ` /B2 JmHiBTHBF�iBQMX aQ#�H/ SQi2Mx2M
mM/ qm`x2HM �m7i`2i2M- rB`/ 2b KBi /2` �//BiBQM b+?rB2`B;X

�mb /2K a�ix pQM Svi?�;Q`�b F�MM K�M �HbQ MB+?i 2BM7�+? /B2 qm`x2H xB2?2M- BM/2K K�M �mb /2`
#2F�MMi2M 6Q`K2H

a2 + b2 = c2 URV
7Ƀ` /B2 E�i?2i2M a- b mM/ /B2 >vTQi2Mmb2 c BK `2+?irBMFHB;2M .`2B2+F �m7 a + b = c b+?HB2bbi- /2MM√
a2 + b2 Bbi 2#2M MB+?i ;H2B+? a+ b- r�b �m+? ;2QK2i`Bb+? Qz2MbB+?iHB+? Bbi- /2MM a+ b Bbi /�b wmb�K@

K2Mb2ix2M pQM xr2B ai`2+F2M /2` G M;2M a mM/ b- #2B /2K /B2 #2B/2M ai`2+F2M /B2 ;H2B+?2 _B+?imM;
?�#2M- r ?`2M/ #2BK a�ix pQM Svi?�;Q`�b /2` `2+?i2 qBMF2H xrBb+?2M /2M #2B/2M ai`2+F2M a mM/ b
2Mib+?2B/2M/ BbiX U.2` *QbBMmbb�ix Bbi /B2 o2`�HH;2K2BM2`mM; mM/ #2BM?�Hi2i #2B/2 aBim�iBQM2MXV

.B2 :H2B+?mM; URV H bbi bB+? xr�` xm c2 − a2 = b2 mK7Q`K2M mM/ BM (c+ a)(c− a) = b2 x2`H2;2M- mM/
KBi FQKTH2t2M w�?H2M H bbi bB+? bQ;�` a2 + b2 = c2 BM (a+ ib)(a− ib) = c2 /B`2Fi �m7bT�Hi2M- �#2` /B2
qm`x2H H bbi bB+? �mb a2 + b2 = c2 MB+?i 2BM7�+? xB2?2M- BM/2K K�M /�`�mb �m7 a+ b = c b+?HB2bbi- mK
c2 BM (a+ b)(a+ b) xm 7�FiQ`BbB2`2MX lM/ /Q+? ;B#i 2b 2BM2M BMi2`2bb�Mi2M q2;- bQr�b rB2 /B2 qm`x2H
�mb URV xm xB2?2M- r2MM K�M /2M ɂ#2`H2;mM;2M pQM S�mH .B`�+ 7QH;iX

k .2` T?vbBF�HBb+?2 >BMi2`;`mM/
AM ;2rBbb2K aBMM2 F�MM K�M #2?�mTi2M- /�bb .B`�+ #2B /2` >2`H2BimM; /2` M�+? B?K #2M�MMi2M
:H2B+?mM; /B2 qm`x2H �mb /2K a�ix pQM Svi?�;Q`�b ;2xQ;2M ?�iX lK /�b xm #2H2;2M- Kmbb K�M 2ir�b
�mb?QH2MX :2K bb /2` aT2xB2HH2M _2H�iBpBi ibi?2Q`B2 ;BHi KBi c 7Ƀ` /B2 GB+?i;2b+?rBM/B;F2Bi
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7Ƀ` /2M 1M2`;B2@AKTmHb@oB2`2`p2FiQ` HBMFb BM 2BM2K "2xm;bbvbi2K KBi AKTmHb (px, py, pz) mM/ 1M2`;B2
E mM/ `2+?ib BK _m?2bvbi2K KBi /2` J�bb2 m mM/ /2` 1M2`;B2 E = mc2X �mbKmHiBTHBxB2`i ;B#i /�b
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a2 + b2 Bbi 2#2M MB+?i ;H2B+? a+ b- r�b �m+? ;2QK2i`Bb+? Qz2MbB+?iHB+? Bbi- /2MM a+ b Bbi /�b wmb�K@
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�mb?QH2MX :2K bb /2` aT2xB2HH2M _2H�iBpBi ibi?2Q`B2 ;BHi KBi c 7Ƀ` /B2 GB+?i;2b+?rBM/B;F2Bi
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E mM/ `2+?ib BK _m?2bvbi2K KBi /2` J�bb2 m mM/ /2` 1M2`;B2 E = mc2X �mbKmHiBTHBxB2`i ;B#i /�b

−E2

c2
+ p2x + p2y + p2z = −m2c2

Q/2` mK;27Q`Ki
E2

c2
= p2x + p2y + p2z +m2c2

BK >BM#HB+F �m7 /B2 Tvi?�;Q` Bb+?2 6Q`K2H c2 = a2 + b2X ɂ#2`b2ixi BM /B2 aT`�+?2 /2` [m�Mi2MK2+?�@
MBb+?2M PT2`�iQ`2M E = ih̄ ∂

∂t - px = −ih̄ ∂
∂x mM/ �M�HQ; 7Ƀ` py mM/ pz ;B#i /�b /B2 :H2B+?mM;

h̄2
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;2M�MMi EH2BM@:Q`/QM@:H2B+?mM;- /B2 7Ƀ` `2H�iBpBbiBb+?2 h2BH+?2M ;ɃHiB; BbiX

qB2 .B`�+ �m7 /B2 A/22 ;2FQKK2M Bbi- /�`�mb /B2 qm`x2H xm xB2?2M- Bbi p2`KmiHB+? MB+?i �M /B2 L�+?@
r2Hi Ƀ#2`HB272`i rQ`/2MX 1` p2`bm+?i2 D2/2M7�HHb- �mb /B2b2` .Bz2`2MiB�H;H2B+?mM; xr2Bi2` P`/MmM; 2BM2
.Bz2`2MiB�H;H2B+?mM; 2`bi2` P`/MmM; KBi /2K �Mb�ix
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xm #2biBKK2M- /B2 ǳ[m�/`B2`iǴ rB2/2` /B2 EH2BM@:Q`/QM@:H2B+?mM; 2`;2#2M bQHHi2X .B2 :`ƺbb2M αx-
αy- αz mM/ β FƺMM2M F2BM2 w�?H2M b2BM- r2BH bB2 MB+?i FQKKmiB2`2M- bQM/2`M �MiBFQKKmiB2`2M- bQ@
/�bb #2BbTB2Hbr2Bb2 αxαy = −αyαx ;2Hi2M Kmbb- /�KBi /B2 ;2KBb+?i2M h2`K2 p2`b+?rBM/2MX 1b ;B#i
pB2` bQH+?2 :`ƺbb2M BM 6Q`K pQM pB2` FQKTH2t2M 4 × 4@J�i`Bx2M- r2H+?2 /B2 #2MƺiB;i2M "2/BM;mM;2M
2`7ɃHH2MX aB2 ?2Bbb2M .B`�+@J�i`Bx2M- mM/ /B2 2MibT`2+?2M/2 :H2B+?mM;- /B2 [m�bB /2` qm`x2H �mb /2`
EH2BM@:Q`/QM@:H2B+?mM; 2MibT`B+?i- ?2Bbbi .B`�+@:H2B+?mM;X .B2 P#D2Fi2- r2H+?2 /B2 .B`�+@:H2B+?mM;
2`7ɃHH2M- ?2Bbb2M aTBMQ`2M- ?�#2M aTBM 1

2 mM/ bTB2H2M BM /2` h2BH+?2MT?vbBF /B2 _QHH2 /2` 62`KBQM2M- �mb
/2M2M /B2 J�i2`B2 #2bi2?iX AM (R) rB`/ /B2 :H2B+?mM; BM /2` ?2mi2 BM /2` h2BH+?2MT?vbBF Ƀ#HB+?2M q2Bb2
KBi pB2` γ@J�i`Bx2M bi�ii αx- αy- αz mM/ β mM/ KBi /2` �Hi2`M�iBp2M JBMFQrbFB@J2i`BF ?2`;2H2Bi2i-
/B2 1,−1,−1,−1 BM /2` .B�;QM�H2 ?�i- /B2 bB+? BM /2` h2BH+?2MT?vbBF 2BM;2#Ƀ`;2`i ?�iX

G2QM�`/ ambbFBM/ BM b2BM2` oQ`H2bmM;bb2`B2 Ƀ#2` h2BH+?2MT?vbBF (k) 7Ƀ?`i /B2 .B`�+@:H2B+?mM; BM xr2B
a+?`Bii2M 2BMX 1`bi MBKKi 2` 2BM2 `2H�iBpBbiBb+?2 _�mKx2Bi;2QK2i`B2 KBi Mm` 2BM2` _�mK/BK2MbBQM M2@
#2M /2` w2Bi/BK2MbBQM �M- bQ/�bb 2` KBi 2BM2K α mM/ 2BM2K β �mbFQKKi- mM/ 2`r2Bi2`i /B2 >2`H2BimM;
�Mb+?HB2bb2M/ �m7 �HH2 /`2B _�mK/BK2MbBQM2MX

j J�i?2K�iBb+?2 S`Q#H2Kbi2HHmM;
LBKKi K�M �HbQ /2M �Mb�ix pQM .B`�+ `2/mxB2`i �m7 xr2B .BK2MbBQM2M ;2K bb ambbFBM/ mM/ p2`;Bbbi
/B2 ɂ#2`b2ixmM; BM [m�Mi2MK2+?�MBb+?2 PT2`�iQ`2M KBi /2K ;�Mx2M _2bi /2` S?vbBF- bQ #H2B#i /2`
K�i?2K�iBb+?2 �Mb�ix

αa+ βb = γc UkV
7Ƀ` /B2 qm`x2H �mb a2 + b2 = c2X �mbKmHiBTHBxB2`i H bbi bB+? (αa+ βb)2 = (γc)2 �Hb

αaαa+ αaβb+ βbαa+ βbβb = γcγc

b+?`2B#2M- rQ#2B �M;2MQKK2M Bbi- /�bb /�b �bbQxB�iBp;2b2ix ;BHi- bQ/�bb K�M F2BM2 EH�KK2`M b+?`2B@
#2M KmbbX AM "2xm; �m7 /�b EQKKmi�iBp;2b2ix b2B xm/2K �M;2MQKK2M- /�bb a- b mM/ c �Hb w�?H2M
KBi2BM�M/2` mM/ KBi α- β mM/ γ FQKKmiB2`2MX .�KBi H bbi bB+? /B2 :H2B+?mM; BM

α2a2 + αβab+ βαab+ β2b2 = γ2c2 UjV

mK7Q`K2MX q2MM /B2b2 :H2B+?mM; KBi a2 + b2 = c2 Ƀ#2`2BMbiBKK2M bQHH- bQ Kmbb �m7 D2/2M 6�HH
αβ = −βα ;2Hi2M- r�b #2/2mi2i- /�bb α mM/ β 7Ƀ` 2BM2 MB+?i@i`BpB�H2 GƺbmM; bB+?2` F2BM2 w�?H2M
b2BM FƺMM2MX .B2 :`ƺbb2M α- β mM/ γ bQHH2M �#2` xm 2BM2` :`mTT2 KBi /2K M2mi`�H2M 1H2K2Mi 1
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;2?ƺ`2M- bQ/�bb K�M α2 = β2 = γ2 = 1 mM/ αβ = −βα p2`H�M;2M Kmbb- /�KBi /B2 :H2B+?mM; UjV KBi
1a2 + 1b2 = 1c2 Ƀ#2`2BMbiBKKiX

.B2 qm`x2H �mb a2+b2 = c2 KBi /2K �Mb�ix UkV Bbi /�b 2BM7�+?2`2 S`Q#H2K �Hb /B2 >2`H2BimM; /2` .B`�+@
:H2B+?mM; �mb /2` EH2BM@:Q`/QM@:H2B+?mM;- r2BH bB2 Mm` 2× 2@J�i`Bx2M #`�m+?i mM/ F2BM2 FQKTH2t2M
w�?H2M p2`H�M;iX LBKKi K�M #2BbTB2Hbr2Bb2 /B2 #2B/2M `22HH2M S�mHB@J�i`Bx2M mM/ /B2 1BM?2BibK�i`Bt

α =

(
1 0
0 −1

)

- β =

(
0 1
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)

- γ =

(
1 0
0 1

)

U9V

7Ƀ` α- β mM/ γ- bQ 2`;B#i /�b
(

1 0
0 −1

)

a+

(
0 1
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)

b =

(
1 0
0 1

)

c

7Ƀ` /2M �Mb�ix αa+ βb = γcX Zm�/`B2`i K�M /B2b2 :H2B+?mM;- #2FQKKi K�M
(

1 0
0 1

)

a2 +

(
1 0
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)

b2 =

(
1 0
0 1

)

c2

r2;2M α2 = β2 = γ2 = γ

(
1 0
0 −1

)(
1 0
0 −1

)

=

(
0 1
1 0

)(
0 1
1 0

)

=

(
1 0
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)(
1 0
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)

=
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1 0
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U8V

mM/ /2` �MiBFQKKmi�iBpBi i αβ = −βα
(

1 0
0 −1

)(
0 1
1 0

)

=

(
0 1
−1 0

)

mM/
(

0 1
1 0

)(
1 0
0 −1

)

=

(
0 −1
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)

UeV

7Ƀ` /B2 S�mHB@J�i`Bx2MX

9 �M7 M;HB+?2 hɃ+F2M KBi /2` GƺbmM;
.B2 bT�MM2M/2 6`�;2 Bbi D2ixi- r2H+?2 P#D2Fi2 a- b mM/ c /B2b2 :H2B+?mM; 2`7ɃHH2MX LBKKi K�M w�?H2M
7Ƀ` a- b mM/ c rB2 2ir� /�b #2`Ƀ?Ki2bi2 /2` Tvi?�;Q` Bb+?2M h`BT2H- bQ KɃbbi2 �HbQ

(
1 0
0 −1

)

3 +

(
0 1
1 0

)

4 =

(
1 0
0 1

)

5

;2Hi2MX .�b bi2HHi bB+? �#2` bQ7Q`i �Hb A``imK ?2`�mb- /2MM
(

3 0
0 −3

)

+

(
0 4
4 0

)

=

(
3 4
4 −3

)

#=
(

5 0
0 5

)

Bbi Qz2MbB+?iHB+? MB+?i /�b- r�b K�M 2`r�`i2M rɃ`/2X "2B qm`x2HM �mb :H2B+?mM;2M Kmbb K�M BKK2`
�m7T�bb2M- /2MM MBKKi K�M #2BbTB2Hbr2Bb2 /B2 :H2B+?mM; 4 = 4- bQ Bbi xr�` 22 = 4 mM/ (−2)2 = 4-
�#2` i`Qix/2K Bbi 2 = −2 7�Hb+?X AK 6�HH /2` qm`x2H �mb a2 + b2 = c2 b+?2BMi K�M D2/Q+? �m7 K2?` �Hb
Mm` �m7 /B2 oQ`x2B+?2M �+?i2M xm KɃbb2M- /2MM

(
a 0
0 −a

)

+

(
0 b
b 0

)

=

(
a b
b −a

)

=

(
c 0
0 c

)

?�i Mm` 2BM2 i`BpB�H2 GƺbmM;- bQ/�bb a- b mM/ c 7Ƀ` BMi2`2bb�Mi2`2 GƺbmM;2M F2BM2 w�?H2M b2BM FƺMM2MX
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;2?ƺ`2M- bQ/�bb K�M α2 = β2 = γ2 = 1 mM/ αβ = −βα p2`H�M;2M Kmbb- /�KBi /B2 :H2B+?mM; UjV KBi
1a2 + 1b2 = 1c2 Ƀ#2`2BMbiBKKiX

.B2 qm`x2H �mb a2+b2 = c2 KBi /2K �Mb�ix UkV Bbi /�b 2BM7�+?2`2 S`Q#H2K �Hb /B2 >2`H2BimM; /2` .B`�+@
:H2B+?mM; �mb /2` EH2BM@:Q`/QM@:H2B+?mM;- r2BH bB2 Mm` 2× 2@J�i`Bx2M #`�m+?i mM/ F2BM2 FQKTH2t2M
w�?H2M p2`H�M;iX LBKKi K�M #2BbTB2Hbr2Bb2 /B2 #2B/2M `22HH2M S�mHB@J�i`Bx2M mM/ /B2 1BM?2BibK�i`Bt

α =

(
1 0
0 −1

)

- β =

(
0 1
1 0

)

- γ =

(
1 0
0 1

)

U9V

7Ƀ` α- β mM/ γ- bQ 2`;B#i /�b
(

1 0
0 −1

)

a+

(
0 1
1 0

)

b =

(
1 0
0 1

)

c

7Ƀ` /2M �Mb�ix αa+ βb = γcX Zm�/`B2`i K�M /B2b2 :H2B+?mM;- #2FQKKi K�M
(

1 0
0 1

)

a2 +

(
1 0
0 1

)

b2 =

(
1 0
0 1

)

c2

r2;2M α2 = β2 = γ2 = γ

(
1 0
0 −1

)(
1 0
0 −1

)

=

(
0 1
1 0

)(
0 1
1 0

)

=

(
1 0
0 1

)(
1 0
0 1

)

=

(
1 0
0 1

)

U8V

mM/ /2` �MiBFQKKmi�iBpBi i αβ = −βα
(

1 0
0 −1

)(
0 1
1 0

)

=

(
0 1
−1 0

)

mM/
(

0 1
1 0

)(
1 0
0 −1

)

=

(
0 −1
1 0

)

UeV

7Ƀ` /B2 S�mHB@J�i`Bx2MX

9 �M7 M;HB+?2 hɃ+F2M KBi /2` GƺbmM;
.B2 bT�MM2M/2 6`�;2 Bbi D2ixi- r2H+?2 P#D2Fi2 a- b mM/ c /B2b2 :H2B+?mM; 2`7ɃHH2MX LBKKi K�M w�?H2M
7Ƀ` a- b mM/ c rB2 2ir� /�b #2`Ƀ?Ki2bi2 /2` Tvi?�;Q` Bb+?2M h`BT2H- bQ KɃbbi2 �HbQ

(
1 0
0 −1

)

3 +

(
0 1
1 0

)

4 =

(
1 0
0 1

)

5

;2Hi2MX .�b bi2HHi bB+? �#2` bQ7Q`i �Hb A``imK ?2`�mb- /2MM
(

3 0
0 −3

)

+

(
0 4
4 0

)

=

(
3 4
4 −3

)

#=
(

5 0
0 5

)

Bbi Qz2MbB+?iHB+? MB+?i /�b- r�b K�M 2`r�`i2M rɃ`/2X "2B qm`x2HM �mb :H2B+?mM;2M Kmbb K�M BKK2`
�m7T�bb2M- /2MM MBKKi K�M #2BbTB2Hbr2Bb2 /B2 :H2B+?mM; 4 = 4- bQ Bbi xr�` 22 = 4 mM/ (−2)2 = 4-
�#2` i`Qix/2K Bbi 2 = −2 7�Hb+?X AK 6�HH /2` qm`x2H �mb a2 + b2 = c2 b+?2BMi K�M D2/Q+? �m7 K2?` �Hb
Mm` �m7 /B2 oQ`x2B+?2M �+?i2M xm KɃbb2M- /2MM

(
a 0
0 −a

)

+

(
0 b
b 0

)

=

(
a b
b −a

)

=

(
c 0
0 c

)

?�i Mm` 2BM2 i`BpB�H2 GƺbmM;- bQ/�bb a- b mM/ c 7Ƀ` BMi2`2bb�Mi2`2 GƺbmM;2M F2BM2 w�?H2M b2BM FƺMM2MX

.B2 aTBMQ`2M �Hb GƺbmM;2M /2` .B`�+@:H2B+?mM; bBM/ P#D2Fi2 KBi pB2` EQKTQM2Mi2M- r�b Ƀ#`B;2Mb Mm`
xm7 HHB; KBi /2` .BK2MbBQM pB2` /2` `2H�iBpBbiBb+?2M _�mKx2Bi;2QK2i`B2 Ƀ#2`2BMbiBKKiX 1MibT`2+?2M/
F�MM K�M ?B2` p2`bm+?2M- P#D2Fi2 KBi xr2B EQKTQM2Mi2M �Hb GƺbmM; /2` qm`x2H �mb /2K a�ix pQM
Svi?�;Q`�b xm bm+?2MX �mb

(
1 0
0 −1

)(
a1
a2

)

+

(
0 1
1 0

)(
b1
b2

)

=

(
1 0
0 1

)(
c1
c2

)

7QH;2M /B2 xr2B :H2B+?mM;2M a1 + b2 = c1 mM/ −a2 + b1 = c2 Q/2`
∣∣∣∣∣
b1 = c2 + a2
b2 = c1 − a1

∣∣∣∣∣ UdV

�Hb "2/BM;mM;2M �M /B2b2 o2FiQ`2M KBi xr2B EQKTQM2Mi2MX �Hb L2#2M#2K2`FmM; b2B 2`r ?Mi- /�bb
�m+? #2B /2` .B`�+@:H2B+?mM; /2` J�bb2i2`K βmc /B2 EQKTQM2Mi2M /2` aTBMQ`2M KBb+?i- rB2 /�b BM
/B2b2M #2B/2M :H2B+?mM;2M T�bbB2`i- BM /2M2M b1 �mb a2 mM/ c2 #2`2+?M2i rB`/- r ?`2M/ b2 �mb a1 mM/
c1 ;2#BH/2i rB`/X

AM /2` ɂ#2`x2m;mM;- /�bb /�b D2ixi FH�TT2M Kmbb- F�MM K�M �Hb "2BbTB2H- /�b /B2 "2/BM;mM;2M UdV
2`7ɃHHi- /B2 /`2B o2FiQ`2M

"a =

(
a1
a2

)

=

(
2
1

)

- "b =
(

b1
b2

)

=

(
3
1

)

- "c =
(

c1
c2

)

=

(
3
2

)

r ?H2M- rQ#2B /B2 :H2B+?mM; UjV D2ixi

(α"a)T (α"a) + (α"a)T (β"b) + (β"b)T (α"a) + (β"b)T (β"b) = (γ"c)T (γ"c) U3V

#2/2mi2iX q2BH D� r2;2M /2` �MiBFQKKmi�iBpBi i /2` S�mHB@J�i`Bx2M /B2 ;2KBb+?i2M h2`K2 p2`b+?rBM@
/2M bQHHi2M- ;B#i /�b KBi /2M A/2MiBi i2M U8V

(2, 1)

(
1 0
0 1

)(
2
1

)

+ (3, 1)

(
1 0
0 1

)(
3
1

)

= (3, 2)

(
1 0
0 1

)(
3
2

)

Q/2` �mb;2`2+?M2i 4+1+9+1 = 9+4- r�b �#2` Qz2MbB+?iHB+? 7�Hb+? Bbi mM/ bQKBi 2ir�b K2?` oQ`bB+?i
p2`H�M;iX

8 EQ``2Fi2 GƺbmM;
.�b S`Q#H2K Bbi- /�bb xr�` 7Ƀ` w�?H2M a "= 0 mM/ b "= 0 bQrB2 J�i`Bx2M α mM/ β (αa)(βb) = abαβ
rB2 Q#2M pQ`�mb;2b2ixi ;BHi- rQKBi abαβ = −abβα /m`+? ab /BpB/B2`i r2`/2M /�`7- /�bb /B2b �#2` 7Ƀ`
o2FiQ`2M MB+?i K2?` MQir2M/B;2`r2Bb2 `B+?iB; b2BM KmbbX .B2 1B;2Mb+?�7i2M UeV ;2MɃ;2M MB+?i- /�KBi
(α"a)T (β"b) + (β"b)T (α"a) = "aTαTβ"b +"bTβTα"a BM U3V p2`b+?rBM/2iX q2BH 7Ƀ` /B2 #2B/2M S�mHB@J�i`Bx2M
αT = α mM/ βT = β ;BHi- H bbi bB+? /B2 xmb ixHB+? MƺiB;2 "2/BM;mM; �Hb

(a1, a2)

(
0 1
−1 0

)(
b1
b2

)

+ (b1, b2)

(
0 −1
1 0

)(
a1
a2

)

= 0

b+?`2B#2MX .�b #2/2mi2i bQKBi 2(a1b2 − a2b1) = 0 Q/2` a1b2 = a2b1- r�b BM /2` 6Q`K

a1
a2

=
b1
b2

UNV

2BM7�+? ?2Bbbi- /�bb /2` 2BM2 o2FiQ` 2BM oB2H7�+?2b /2b �M/2`M b2BM KmbbX
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C2ixi bQHHi2 2B;2MiHB+? MB+?ib K2?` b+?B27;2?2MX q ?Hi K�M �HbQ #2BbTB2Hbr2Bb2 /B2 /`2B o2FiQ`2M

!a =

(
a1
a2

)

=

(
1
2

)

- !b =
(

b1
b2

)

=

(
3
6

)

- !c =
(

c1
c2

)

=

(
7
1

)

�mb- /B2 bQrQ?H /B2 "2/BM;mM; UdV �Hb �m+? /B2 "2/BM;mM; UNV 2`7ɃHH2M- bQ FH�TTi 2b- /2MM
(

1 0
0 −1

)(
1
2

)

+

(
0 1
1 0

)(
3
6

)

=

(
1 0
0 1

)(
7
1

)

;BHi 7Ƀ` /B2 ǳqm`x2HǴ bQrB2
[(

1 0
0 −1

)(
1
2

)

+

(
0 1
1 0

)(
3
6

)]T [(
1 0
0 −1

)(
1
2

)

+

(
0 1
1 0

)(
3
6

)]

=

[(
1
−2

)

+

(
6
3

)]T [(
1
−2

)

+

(
6
3

)]

= (7, 1)

(
7
1

)

= 50

mM/ [(
1 0
0 1

)(
7
1

)]T [(
1 0
0 1

)(
7
1

)]

= (5, 0)

(
5
0

)

= 50

7Ƀ` /�b ǳZm�/`�iǴ /�`�mbX 1MibT`2+?2M/ Bbi �m+?

(1, 2)

(
1 0
0 1

)(
1
2

)

+ (3, 6)

(
1 0
0 1

)(
3
6

)

= (7, 1)

(
1 0
0 1

)(
7
1

)

Q/2` �mb;2`2+?M2i 1 + 4 + 9 + 36 = 49 + 1X

e a+?Hmbb#2K2`FmM;
.�b ?B2` T` b2MiB2`i2 K�i?2K�iBb+?2 S`Q#H2K- #2B /2K K�M p2`bm+?i- /B2 qm`x2H �mb /2K a�ix pQM
Svi?�;Q`�b xm xB2?2M- K�; �mbb2?2M- �Hb b2B 2b �M /2M >��`2M ?2`#2B;2xQ;2M- mM/ �m+? /B2 LɃixHB+?F2Bi
/2` ;27mM/2M2M GƺbmM; Bbi 7`�;HB+?X .B2 ;�Mx2 aTB2H2`2B #�bB2`i BK q2b2MiHB+?2M �m7 /2` :H2B+?mM;
a21 + a22 + b21 + b22 = c21 + c22- r2MM K�M c1 = a1 + b2 mM/ c2 = b1 − a2 ;2K bb "2/BM;mM; UdV bQrB2
b1 = ba1 mM/ b2 = ba2 ;2K bb "2/BM;mM; UNV #2MmixiX U.2` mMBMi2`2bb�Mi2 6�HH !a = !0 mM/ !b "= !0 Bbi
?B2` B;MQ`B2`i rQ`/2MXV .�b ;B#i

a21 + a22 + (ba1)
2 + (ba2)

2 ≡ (a1 + ba2)
2 + (ba1 − a2)

2

2BM;2b2ixi- mM/ /�b Bbi 2BM2 A/2MiBi iX

AMi2`2bb�Mi Bbi �#2`- /�bb S�mH .B`�+ �m7 /B2b2 Q/2`  ?MHB+?2 �`i 2BM2 :H2B+?mM; ;27mM/2M ?�i- /B2 7Ƀ`
/B2 KQ/2`M2 S?vbBF pQM `B2bB;2` "2/2mimM; BbiX JBi B?` ?�i K�M pQ` #�H/ ?mM/2`i C�?`2M- �Hb S`QiQM2M
mM/ L2mi`QM2M MQ+? �Hb 1H2K2Mi�`i2BH+?2M ;�Hi2M- /B2 "2bi�M/i2BH2 mM/ ai`mFim` /2` �iQK2 H�M;b�K
#2bb2` p2`bi2?2M ;2H2`Mi- mM/ pQM B?` bi�KKi2 2`bi /B2 o2`KmimM;- /�bb 2b MB+?i Mm` J�i2`B2- bQM/2`M
�m+? �MiBK�i2`B2 ;2#2M FƺMMi2X

GBMFb
(R) .B`�+@:H2B+?mM; BM qBFBT2/B� U/2XrBFBT2/B�XQ`;frBFBf.B`�+@:H2B+?mM;V

(k) G2QM�`/ ambbFBM/- oQ`H2bmM;2M Ƀ#2` S�`iB+H2 S?vbB+b R, "�bB+ *QM+2Tib BM h?2 h?2Q`2iB+�H JBMB@
KmK Ui?2Q`2iB+�HKBMBKmKX+QKf+Qm`b2bfT�`iB+H2@T?vbB+b@R@#�bB+@+QM+2TibfkyyNf7�HHV


